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Introduction
Special functions have been played an important role in representation theory. Among
others, we look at zeta functions attached to representations of groups. The zeta functions
for the abelian groups Rr introduced here are of new kind. Our purpose is to indicate a
representation theoretic way to absolute zeta functions extending the previous paper [KO].
We refer to [S] [K] [D] [CC1] [CC2] [CC3] for absolute zeta functions.
1. R
Let ρ be a finite-dimensional representation of R, and ρ∗ its contragradient;
ρ, ρ∗ : R → GL(n) ,
ρ∗(t) = t ρ(t)−1 .
We define


































THEOREM 1. Let ρ : R → U(n) be a continuous finite-dimensional unitary repre-
sentation.
(1)
ζRρ (s) = det(s − Dρ)−1 (1)
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∈ Mn(C) . (2)
Note that Dρ is a skew Hermitian matrix, and can be regarded as an infinitesimal
generator of the one-parameter subgroup ρ.
(2)
ζRρ∗(s) = det(s − Dρ∗)−1 (3)
with
Dρ∗ = Dρ = −Dρ . (4)
(3) εRρ (s) = (−1)n.
(4) Riemann Hypothesis holds. That is, all the poles of ζρ(s) are located on the imag-
inary line iR.
Proof. (1) Since ρ is completely reducible, ρ is a direct sum of (one-dimensional)
unitary characters:
ρ ∼= χ1 ⊕ · · · ⊕ χn (5)
with
χk(t) = eλkt , t ∈ R (k = 1, 2, . . . , n) (6)
for some λk ∈
√−1R. Then
ζRρ (s) = exp
(∫ ∞
0



































= exp (− log(s − λ))
= 1
s − λ .
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det(s − Dρ)−1 = 1
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= (−s + λ1) · · · (−s + λn)
(s − λ1) · · · (s − λn)
= (−1)n.
(4) ζRρ (s) = ∞ implies Re(s) = 0. 
We note that the unitarity assumption is inevitable in Theorem.
When we put
N(u) = trace(ρ(log u)) , (10)
we have a “counting function N(u)” used in [CC1] [CC2] [KO] to study absolute zeta
functions. In general, we admit ρ to be virtual (not necessarily unitary) representations.
For example, let χ be the (non-unitary) representation of R defined by χ(t) = et , and we
define virtual representations of R by
ρGL(n) = χn(n−1)/2(χ − 1)(χ2 − 1) · · · (χn − 1) , (11)
ρSL(n) = χn(n−1)/2(χ2 − 1) · · · (χn − 1) , (12)
then we have
ζGL(n)/F1(s) = ζRρGL(n) (s) , (13)
ζSL(n)/F1(s) = ζRρSL(n) (s) . (14)
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A proof of these formulae is given in [KO].
2. Kurokawa tensor product
For the group G = R, we consider the set of equivalence classes of finite-dimensional
unitary (continuous) representations of G. Actually, they form a category, where a mor-
phism is a (continuous) G-homomorphism. This category has two binary operations, a
direct sum and a tensor product. These operations make the category to be a semi-ring, that
is, a ring which may not have an additive negative of an object. It satisfies the distribution
law, especially. The multiplication is commutative and the 0-dimensional representation is
the additive unit, and the 1-dimensional trivial representation is the multiplicative unit, in
other words, we have a commutative unital semi-ring.
We also consider another category, whose object is a reciprocal of a monic polynomial
in one-variable s. The ‘sum’ of two objects in this category is defined to be a product of

















j=1(s − λi − μj)
. (16)
The constant function 1 is considered to be the additive unit, and 1/s is considered to be the
multiplicative unit. Note that ⊕ is defined without using the factorization of polynomials






f (s − μj) . (17)
These definitions are compatible in the sense that the map ρ 
→ ζρ(s) gives the semi-
ring homomorphism. Note that the contragredient operation ρ 
→ ρ∗ corresponds to the
operation
f (s) 
→ (−1)df (−s) , (18)
where d is the degree of the polynomial 1/f .
3. Rr
Let ρ : Rr → GL(n,C) be a representation of Rr for r = 1, 2, 3, . . .. In this case we
get the zeta function of several variables:
ζR
r












trace(ρ(t1, . . . , tr ))(t1 · · · tr )w
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When we write the character as a sum of irreducible characters as ρ = χα(1) ⊕ · · · ⊕ χα(n)








trace(ρ(t1, . . . , tr )(t1 · · · tr )w


















det(sk − Dkρ)−1 , (21)
with Dkρ = lim
tk→0
ρ(0, . . . , 0, tk, 0, . . . , 0) − 1
tk
where tk is located at the k-th component of
(0, . . . , 0, tk, 0, . . . , 0).
4. Representations of Lie Groups
For a Lie group G with a (continuous) homomorphism ν : Rr → G we have the
associated zeta function ζR
r
π◦ν(s1, . . . , sr ) for a representation π of G under a suitable inter-
pretation of trace(π ◦ ν). We notice a simple case. Here we use the normalized multiple
gamma function and the normalized multiple sine function defined in [KK].
THEOREM 2. Let πα be the principal series representation of G = SL(2,R) with






ζRπα◦ν(s) = Γ1(s + α)Γ1(s + 1 − α) , (22)
εRπα◦ν(s) = S1(s + α)S1(s + 1 − α) . (23)
(2) For α = (α1, . . . , αr ) ∈ Cr , we consider the tensor product representation πα1 ⊗





























Here the dot product of vectors is defined k · (α − 12 ) =
∑r
j=1 kj (αj − 12 ) as usual.
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Proof. We denote by Θα the (distribution) character of the principal series represen-
tation on a split Cartan subgroup. An explicit form of the character formula can be found
in the standard textbook, e.g., [Su] [Kn],
Θα(u) = u
α− 12 + u−(α− 12 )
u
1
2 − u− 12
, (26)






character of the tensor product representation πα1 ⊗ · · · ⊗ παr is known to be the product
of the characters, and it is written as
Θα1(u) · · ·Θαr (u) = u−
r





2 ) . (27)
Then we compute the integral as in [KO]:






























This proves the formulae in the statement (2). 
5. Z
This case is a classical one. In fact, it is a Selberg zeta function of a circle. We describe
it in comparison with Section 1. Let ρ be a representation of Z, ρ∗ the contragredient
representation of ρ;
ρ, ρ∗ : Z → GL(n) , (29)






















THEOREM 3. Let ρ : Z → U(n) be a unitary representation.
(1) ζZρ (s) = det(1 − ρ(1)e−s)−1.
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(2) ζZρ∗(s) = det(1 − ρ(1)−1e−s )−1.
(3) εZρ (s) = (−1)n det(ρ(1))e−ns .
(4) Riemann Hypothesis holds.
Proof. (1)








= det exp (− log(1 − ρ(1)e−s))















= det(1 − ρ(1)
−1es)−1
det(1 − ρ(1)e−s)−1
= (−1)n det(ρ(1))e−ns .
(4) ζZρ (s) = ∞ implies Re(s) = 0 by (1). 
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